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Abstract: The purpose of the present paper is to investigate fixed point results for a class of hybrid multi-valued 

mappings defined on complete metric spaces. The contractive condition considered in the study combines the 

ordinary distance between two points with the distances of the points from their respective images. In this sense, 

the condition incorporates features of both Nadler-type and Kannan-type contractions. By using the Hausdorff 

metric and an iterative selection procedure, a fixed point existence theorem is established for multi-valued 

mappings taking values in the family of nonempty closed and bounded subsets of a complete metric space. Several 

immediate consequences are derived, including the classical multi-valued contraction case and a Kannan-type 

multi-valued fixed point result. The corresponding single-valued version is also obtained, for which uniqueness 

of the fixed point follows. Two illustrative examples are presented, supported by explanatory figures. In particular, 

a finite metric-space example shows that the proposed hybrid condition may hold even when the standard Nadler 

contraction condition is not satisfied. 
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1. Introduction 

Fixed point theory occupies an important position in nonlinear analysis and has applications in functional 

equations, differential equations, integral equations, optimization, control theory and mathematical economics. 

The classical contraction principle of Banach provides one of the fundamental existence and uniqueness results 

in metric fixed point theory. Banach established that every contraction on a complete metric space possesses a 

unique fixed point. 

The development of multi-valued analysis created the need for fixed point principles in which a point is mapped 

not to a single point but to a nonempty subset of the underlying space. Nadler extended the contraction principle 

to multi-valued mappings by employing the Hausdorff metric. Specifically, for a complete metric space (X, d), a 

multi-valued mapping F : X → CB(X) satisfying 

 

has at least one fixed point. Here, CB(X) denotes the family of all nonempty closed and bounded subsets of X, 

while H denotes the Hausdorff metric induced by d. 

Subsequently, fixed point theory was extended through contractive conditions different from the ordinary Banach 

contraction. Kannan introduced a contraction based on distances between points and their respective images, while 

Reich studied broader classes of contractive mappings. Mizoguchi and Takahashi later developed an important 

generalization of Nadler-type multivalued contractions on complete metric spaces. Bhimanatham and Iyer (2025) 

Further developments have considered set-valued contractions, generalized metric structures, graph contractions 

and stability properties. Recent research also shows that multi-valued fixed point theory continues to be extended 

to nonlinear graph contractions and related metric structures. 
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Motivated by these developments, the present study considers a contractive condition that simultaneously involves 

the distance d(x, y) and the point-to-image distances D(x, F(x)) and D(y, F(y)). Throughout this paper, such a 

condition is referred to as a hybrid multi-valued contractive condition. The principal objective is to establish the 

existence of a fixed point under this blended contraction and to identify classical results that arise as special cases. 

Figure 1 (Section 2) gives a visual summary of how these three distances interact. 

2. Preliminaries 

We begin with definitions required for the development of the main results. 

Definition 2.1. Metric Space 

Let X be a nonempty set. A function 

 

is called a metric on X if for all x, y, z ∈ X: 

 

The pair (X, d) is then called a metric space. 

Definition 2.2. Complete Metric Space 

A metric space (X, d) is said to be complete if every Cauchy sequence in X converges to an element of X. 

Definition 2.3. Family CB(X) 

Let 

 

Definition 2.4. Distance from a Point to a Set 

For x ∈ X and a nonempty subset A ⊆ X, define 

 

Clearly, 

 

whenever x ∈ A. If A is closed, the converse also holds. 

Definition 2.5. Hausdorff Metric 

For A, B ∈ CB(X), define 

 

The function H is the Hausdorff metric induced by d. 

Definition 2.6. Multi-Valued Mapping 

A mapping 
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is called a multi-valued or set-valued mapping. 

Definition 2.7. Fixed Point 

A point x* ∈ X is called a fixed point of a multi-valued mapping F if 

 

The set of all fixed points of F is denoted by 

 

Definition 2.8. Strict Fixed Point or Endpoint 

A point x* ∈ X is called a strict fixed point of F if 

 

Definition 2.9. Hybrid Multi-Valued Contraction 

Let (X, d) be a metric space and 

 

For the purposes of the present paper, F will be called a hybrid multi-valued contraction if there exist constants 

satisfying 

 

such that 

 (2.1) 

for every x, y ∈ X. 

The condition is hybrid because the right-hand side combines an ordinary interpoint distance with two point-to-

image distances. Figure 1 illustrates the geometric meaning of condition (2.1): the Hausdorff distance between 

the two image sets F(x) and F(y) is bounded jointly by the interpoint distance d(x, y) and the two point-to-image 

distances D(x, F(x)) and D(y, F(y)). 

 

3. Main Fixed Point Result 

Theorem 3.1 

Let (X, d) be a complete metric space and let 
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satisfy 

 (3.1) 

for all x, y ∈ X, where a, b ≥ 0 and 

 (3.2) 

Then F possesses at least one fixed point in X. 

Proof 

Choose an arbitrary point x₀ ∈ X. Since F(x₀) ≠ ∅, select 

 

If x₁ = x₀, then 

 

and hence x₀ is a fixed point. 

Assume therefore that 

 

Since xₙ ∈ F(xₙ₋₁), for every n ≥ 1, by the definition of the Hausdorff metric we may choose 

 

such that 

 (3.3) 

where 

 

Put 

 

From (3.1) and (3.3), 

 

Because 

 

we have 

Similarly, since xₙ₊₁ ∈ F(xₙ), we obtain the pair of bounds 

 

Hence, 
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Therefore, 

 

Consequently, 

 (3.4) 

where 

 

Now 

 

implies 

 

and therefore 

 

Repeated application of (3.4) gives 

 (3.5) 

Since 0 ≤ q < 1, 

 

It follows from (3.5) that 

 

Therefore, for m > n, 

 

as n → ∞. 

Hence {xₙ} is a Cauchy sequence. 

Since X is complete, there exists u ∈ X such that 

 (3.6) 

We now prove that 

 

Since xₙ₊₁ ∈ F(xₙ), 

 

Therefore, 
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Applying the hybrid contractive condition, 

 

Furthermore, 

 

Taking the limit as n → ∞, and using 

 

we obtain 

 

Thus, since b < 1, 

 

Because F(u) is closed, 

 

Hence u is a fixed point of F. 

 

□ 

Figure 2 depicts this Picard-type iterative scheme: successive terms xₙ move closer together at a rate controlled 

by q, forcing {xₙ} to be Cauchy, and completeness of X then yields a limit u that Theorem 3.1 shows lies in its 

own image. 

 

4. Consequences of the Main Theorem 
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Corollary 4.1: Nadler-Type Contraction 

Let (X, d) be complete and 

 

satisfy 

 

for all x, y ∈ X, where 

 

Then F has a fixed point. 

Proof 

Take b = 0 in Theorem 3.1. Then 

 

Hence the conclusion follows immediately. 

□ 

This recovers the basic form of Nadler’s multi-valued contraction principle. 

Corollary 4.2: Kannan-Type Multi-Valued Contraction 

Let (X, d) be complete and 

 

satisfy 

 (4.1) 

for every x, y ∈ X, where 

 

Then F has a fixed point. 

Proof 

Take a = 0 in Theorem 3.1. Since 

 

all conditions of the theorem are satisfied. 

□ 

Corollary 4.3: Single-Valued Hybrid Contraction 

Let (X, d) be a complete metric space and 

 

satisfy 
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 (4.2) 

for all x, y ∈ X, where 

 

Then f has a unique fixed point. 

Proof 

Define 

 

Then 

 

and 

 

Thus Theorem 3.1 ensures existence of a fixed point. 

Suppose u and v are two fixed points. Then 

 

Therefore, 

 

Hence, since a < 1, 

 

Therefore the fixed point is unique. 

□ 

5. Strict Fixed Points 

Proposition 5.1 

Under the assumptions of Theorem 3.1, the mapping F can have at most one strict fixed point. 

Proof 

Suppose u and v are strict fixed points. Then 

 

Therefore, 

 

Since 
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condition (3.1) gives 

 

Because a < 1, 

 

Thus, if a strict fixed point exists, it is unique. 

□ 

It is important to distinguish this result from ordinary fixed-point uniqueness. In general, a multi-valued 

contraction may possess more than one ordinary fixed point, so Theorem 3.1 deliberately claims existence, not 

uniqueness. 

6. Illustrative Examples 

Example 6.1 

Consider 

 

with the usual metric 

 

Define 

 

by 

 

For x, y ∈ X, 

 

Hence, 

 

Thus Theorem 3.1 applies with 

 

F has a fixed point. 

To determine it, suppose 

 

Then 

 

For x ≥ 0, this requires 
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Therefore, 

 

7. An Example Beyond the Standard Nadler Contraction 

The following example is particularly useful because the hybrid theorem applies while the usual Nadler 

contraction with constant strictly less than one does not. 

Example 7.1 

Let 

 

with the usual metric inherited from ℝ: 

 

Because X is finite, it is complete. 

Define 

 

by 

 

First calculate the point-to-image distances: 

 

Take 

 

For the distinct pairs of points, we obtain: 

x, y H(F(x),F(y)) D(x,F(x))+D(y,F(y)) (1/9)[D(x,F(x))+D(y,F(y))] 

0, 1 1 19 19/9 

0, 10 0 10 10/9 

0, 11 0 11 11/9 

1, 10 1 9 1 

1, 11 1 10 10/9 

10, 11 0 1 1/9 
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Consequently, 

 

for all x, y ∈ X. 

Thus Corollary 4.2 guarantees the existence of a fixed point. 

Indeed, 

 

Therefore, in fact, 

 

Why the standard Nadler condition fails 

For x = 0 and y = 1, 

 

while 

 

Thus 

 

Hence there cannot exist any constant λ < 1 such that H(F(x),F(y)) ≤ λ d(x,y) for all x, y ∈ X. 

Therefore this mapping is not a Nadler contraction, although it satisfies the hybrid/Kannan-type condition 

considered in the present paper. Paul et al. (2025) 

This example establishes that the class covered by Theorem 3.1 is not restricted to the ordinary Nadler contraction 

case. Figure 3 shows the directed graph of F on X: every point is eventually sent into the self-loop at 10, which is 

the unique fixed point, even though the ratio H(F(0),F(1))/d(0,1) = 1 rules out a genuine Nadler contraction. 

 

8. Discussion 
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The principal result demonstrates that a fixed point can be obtained without requiring the Hausdorff distance 

between F(x) and F(y) to depend exclusively on d(x, y). Instead, the quantities 

 

also contribute to the contractive mechanism. 

The condition 

 

has a direct mathematical role in the proof. It gives 

 

which provides the contraction ratio required to control the successive distances 

 

Thus, the restriction on the constants is not arbitrary; it is precisely what permits the iterative sequence to become 

Cauchy. 

The result contains several familiar situations. When 

 

the condition reduces to the ordinary Hausdorff contraction used in Nadler-type fixed point theory. When 

 

a Kannan-type set-valued condition is obtained. For singleton-valued mappings, the theorem produces a single-

valued hybrid contraction and additionally guarantees uniqueness. 

The finite example in Section 7 is particularly significant because it demonstrates that the presence of the point-

to-image terms can compensate for the failure of a strict Hausdorff Lipschitz constant. Hence the hybrid 

formulation provides a mathematically meaningful extension of the basic contraction framework rather than 

merely rewriting the standard condition. Mukherjee et al. (2025) 

9. Conclusion 

This paper has considered a class of hybrid multi-valued mappings on complete metric spaces. A fixed point 

theorem has been established under the contractive condition 

 

where 

 

An iterative selection sequence was constructed and shown to be Cauchy. Completeness of the underlying metric 

space then produced a limit, while the hybrid contractive condition ensured that the limit belongs to its image. 

The theorem yields Nadler-type and Kannan-type multivalued contractions as immediate consequences. The 

corresponding single-valued result guarantees existence as well as uniqueness of the fixed point. It has also been 

shown that any strict fixed point of the multi-valued mapping is unique. The illustrative examples confirm the 

applicability of the results, and one example demonstrates that the hybrid condition may be satisfied even when 

the ordinary Nadler contraction condition fails. 
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Further work may investigate analogous conditions in b-metric spaces, partial metric spaces, modular metric 

spaces, graph-endowed metric spaces and other generalized distance structures. Recent literature continues to 

study multivalued contractions and stability in such extensions of classical metric fixed point theory. 

Appendix: Major Theorems Used 

This appendix collects, for reference, the statements of the principal classical fixed point theorems that motivate 

and underlie the results of this paper. 

Theorem A.1 (Banach Contraction Principle, 1922) 

Let (X, d) be a complete metric space and let f : X → X satisfy 

 

for all x, y ∈ X. Then f has a unique fixed point in X. 

Theorem A.2 (Nadler’s Fixed Point Theorem, 1969) 

Let (X, d) be a complete metric space and let F : X → CB(X) satisfy 

 

for all x, y ∈ X, where H is the Hausdorff metric induced by d. Then F has at least one fixed point in X. 

Theorem A.3 (Kannan’s Fixed Point Theorem, 1968) 

Let (X, d) be a complete metric space and let f : X → X satisfy 

 

for all x, y ∈ X. Then f has a unique fixed point in X. 

Theorem A.4 (Mizoguchi–Takahashi Fixed Point Theorem, 1989) 

Let (X, d) be a complete metric space and let F : X → CB(X). Suppose there exists a function φ : [0, ∞) → [0, 1) 

satisfying 

 

such that 

 

for all x, y ∈ X. Then F has at least one fixed point in X. 

Theorem 3.1 of the present paper reduces to Theorem A.2 when b = 0 (Corollary 4.1), and its single-valued version 

(Corollary 4.3) recovers the essential conclusion of Theorem A.1. The Kannan-type consequence (Corollary 4.2) 

parallels the structure of Theorem A.3, while Theorem A.4 represents a different, function-controlled 

generalization of Theorem A.2 that is not directly subsumed by the hybrid condition (2.1). 
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