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Abstract

In this paper we prove the following results:
1. The path union of two copies of cycle Cn (n€N, n3) is a divided square difference cordial graph.
2. The path union of two copies of cycle C1,1,n-2 (n N, n5) with three chords is a divided square difference
cordial graph, where three chords which by themselves forms a triangle.
3. The path union of two copies of wheel Wn(neN, n3) is a divided square difference cordial graph.
The path union of two copies of helm Hn (neN, n3) is a divided square difference cordial graph.
5. The path union of two copies of closed helm CHn(neN, n3) is a divided square difference cordial graph.
MSC 2010 Classifications: 05C78.
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Introduction

All the way through this paper, by a graph we meane a finite, undirected, simple graph G =(V, E) with p vertices
and q edges. We follow the central annotations and phraseology of graph theory as in [6] and number theory as in
[3]. Labeling of a graph is a mapping that connects the graph elements to the numbers set, generally to the set of
natural numbers. If the domain is a collection of nodes the labeling is called node labeling. If the domain is the
collection of edges, then we allude to edge labeling. If the labels are given to both nodes and edges then the
labeling is called total labeling. Graph Labeling is an energetic region that belongs to research in graph theory.
The concept of graph labeling was introduced by Rosa. J. A. Gallian [5] developed graph labeling which performs
as a boundary stuck flanked between number theory and the structure of graphs.

The present work is aimed to discuss one such labeling known as divided square difference cordial labeling.

Main Results

Theorem 1. The path union of two copies of cycle C, (n € N,n > 3) is a divided square difference cordial graph.
Proof. Let G = (2. C,) be the path union of two copies of cycle C,. Let vy, v, ..., v, be the successive vertices of
Chrandletu; = v, q, Uy = Vpyo, -, Uy = Uyy be the successive vertices of another C,,. The vertex v, is connected
to u, by an edge P;, which collectively makes the path union of two copies of the cycle. Note that, [V(G)| = 2n
and |[E(G)|=2n + 1.

We define labelling function f:V(G) - {1,2,3, ...,2n} as follows.

Case 1: Forn = 0,1,3(mod 4).

fw)={i;i=01(mod4) i+ 1;i=2(mod4)i—1;i=3(mod4); 1<i<n.

Subcase 1: For n = 0(mod 4).
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fw)={n+i;i=01(modd)n+i+1;i=2(modd)n+i—1;i=3(mod4); 1<i<n.
Subcase 2: For n = 1(mod 4).
fw)=Mm+i+1;i=1(modd)n+i—1;i=2(mod4d)n+1i;i=0,3(mod4);1<i<n-1.
f(up) = 2n.

Subcase 3: For n = 3(mod 4).

fw)={n+i+1;i=Il(modH)n+i—1;i =2(modH)n+i;i =0,30mod4);l1 <i<n.
Case 2: For n = 2(mod 4).

fw)={i;i=01(mod4) i+ 1;i=2(mod4)i—1;i=3(mod4); 1<i<n.

f(vn) =n.
fw)={n+i;i=01(modd)n+i+1;i=2(modd)n+i—1;i=3(mod4);1<i<n.
f(un—l) = 2n.

flu,) =2n—1.
In the above labelling pattern, we observe that,
Cases of n Edge conditions
n = 1,3(mod 4 2n+1 2n+1
(mod ) e (0) = | == (1) = [~
n = 0,2(mod 4 2n+1 2n+1
(mod®) e (1) = |22 ¢, (0) = [~

Clearly, |efoy — es(1)] < 1.
Hence, the path union of two copies of cycle C, is a divided square difference cordial graph.

Example 1. Divided square difference cordial labeling of two copies of Cs is shown in Figure 1.

N
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Figure 1

Theorem 2. The path union of two copies of cycle Ci,in2 (n € N,n = 5) with three chords is a divided square
difference cordial graph, where three chords which by themselves forms a triangle.

Proof. Let G = (2. C; 1, n-2) be the path union of two copies of cycle with three chords Cj in2. Let vq, vy, ..., v, be
the successive vertices of Cy and let uy = v, Uy = Vp4g, -, Uy = Vyy, be the successive vertices of another Ci,.
Let e; = vivs and e, = v3 va.1 and e3 = viva.1be the chords of cycle C, and let e;” =ujusz and €’ = u3 ung and e3” =
u; Uy be the chords of cycle C,. The vertex v, is connected to u; by an edge Pi, which collectively makes the
path union of two copies of the cycle with three chords. Note that, [V(G)| =2n and |E(G)| =2n + 7.

We define labelling function f: V(G) — {1,2,3, ...,2n} as follows.
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Case 1: Forn = 0,2(mod 4).
fw)={i;i=01(mod4)i+1;i=2(modd)i—1;i=3(mod4);1<i<n.

Subcase 1: For n = 0(mod 4).
fw)={n+i;i=01(modd)n+i+1;i=2(modd)n+i—1;i=30modd);1<i<n.
Subcase 2: For n = 2(mod 4).
fw)={n+i—-1;i=1(modd)n+i;i=230modd)n+i+1;i=00modd);1<i<n-1.
f(u,) = 2n.

Case 2: Forn = 1(mod 4).
fw)={i;i=01(mod4)i+1;i=2(mod4)i—1;i=3(mod4);1<i<n-1

fv) =n+1.
fw)={n+i—-1;i=1(modd)n+i;i=23(mod4d)n+i+1;i=00mod4)1<i<n.
Case 3: For n = 3(mod 4).
fw)={i;i=01(mod4)i+1;i=2(mod4)i—1;i=3(mod4);1<i<n.

f(u1)=n+1a
f(uz)=n+23
f(u3)=n+3:

fw)={n+ii=030modd)n+i+1;i=1(modd)n+i—1;i=2(modéd);4<i<n.
In the above labelling pattern, we observe that,

Cases of n Edge conditions
n = 0,3(mod 4 2n+7 2n+7
(mod®) e (0) = | == (1) = [~
n = 1,2(mod 4 2n+7 2n+7
(mod®) e (1) = | == "], (0) = [~

Clearly, |efo) —er(1)] < 1.

Hence, the path union of two copies of cycle with three chords C; 1 -2 is a divided square difference cordial graph.

Example 2. Divided square difference cordial labeling of two copies of Cy,i 2 is shown in Figure 2.

I *\\‘./,/ - ) \\“.,',.» ”
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Figure 2
Theorem 3. The path union of two copies of wheel Wn(neN,n = 3) is a divided square difference cordial graph.
Proof. Let G = (2.W,) be the path union of two copies of wheel W,.. Let vy, v4, V5, ..., 1, be the successive vertices
of Wy and let ug, uy = vy 1, Uy = Vpyyy, ..., Uy = Vqy, be the successive vertices of another Wy,. The vertex v; is
connected to u; by an edge P; which collectively makes the path union of two copies of wheel. Note that, [V(G)|
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=2n+2and |E(G)|=4n+ 1.
We define labelling function f: V(G) - {1,2,3, ...,2n + 2} as follows.

f(vy) = 1.
fw)=2i+21<i<n.
flup) = 2.

flu)=2i+1,1<i<n
In the above labeling pattern, observe that,
Cases of n Edge conditions
n =0,1,2,3(mod 4
(mod ® e (0) = |

in+1
2

1

in+1
— e ()=

Clearly,|es(0) — es(1)| < 1.
Hence, the path union of two copies of wheel W, is a divided square difference cordial graph.

Example 3. Divided square difference cordial labelling of two copies of W is shown in Figure 3.

Figure 3

Theorem 4. The path union of two copies of helm H, (neN,n = 3) is a divided square difference cordial graph.
Proof. Let G = (2.H,) be the path union of two copies of helm H,. Let vy, v, ..., v, be the vertices of degree 4 and
Wy, W, ..., W, be the pendant vertices, vo be apex vertex of Hy. Let u; = vp4q, Uy = Uy, ..., Uy = Vyy, be the
vertices of degree 4 and w;', w,’, ..., w,," be the pendant vertices, up be apex vertex of another helm H,. The vertex
v is connected to u; by an edge Py which collectively makes the path union of two copies of helm. Note that,
[V(G)| =4n + 2 and |[E(G)| = 6n + 1.

We define labelling function f: V(G) — {1,2,3, ...,4n + 2} as follows.

Case 1: Forn = 0,2(mod 4).

f(vo) =1,

f(v) = {2i+ 1;i = 1,3(mod4) 2i — 1;i = 0,2(mod4); 1 <i <n.

fw;) = {2i+3; i = 1,3(mod4) 2i;i = 0,2(mod4); 1 <i<n.

f(up) =2n+2,

fu)={2n+2i+2; i=13(mod4)2n+2i—1; i =0,2(mod4); 1 <i <n.

fw;) = 2n+2i+4; i=130mod4)2n+2i+1; i =0,2(mod4); 1 <i<n.
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Case 2: Forn = 1,3(mod 4).

fo) =1,f(v) =2n+1,

fw) = {2i+1;i=13(mod4)2i—1; i=02(mod4); 1<i<n-1.

fwy) =2n

fw) = {2i+3; i = 1,3(mod4) 2i; i =0,2(mod4); 1 <i<n-1

flug) =2n+2,f(u,) =4n+2

fw)={2n+2i+2; i=13(mod4)2n+2i—1; i =0,2(mod4); 1 <i<n-—1.
fw,)=4n+1

fw;) = 2n+2i+4; i=13(0mod4)2n+2i+1; i =0,2(mod4); 1<i<n-—1.
In the above labeling pattern, observe that,

Cases of n Edge conditions

= 6n+1 on+1
n =0,1,2,3(mod 4) ef(1)=l _ j,ef(0)=[ ]

1

Clearly,|es(0) — e (1] < 1.
Hence, the path union of two copies of helm H, is a divided square difference cordial graph.
Example 4. Divided square difference cordial labelling of two copies of Hs is shown in Figure 4.
5 12
® [ ]

Figure 4
Theorem 5. The path union of two copies of closed helm CH,(neN,n = 3) is a divided square difference cordial
graph.
Proof. Let G = (2.CH,) be the path union of two copies of closed helm CH,. Let v;,v,, ..., v, be the internal
vertices and wy, w,, ..., w,, be the external vertices of CHy. Let u; = v,,44, Uy = Vyysp, ..., Uy = Uy, be the internal
vertices and w;’, w,’, ..., w,," be the external vertices another closed helm CH,. The vertex w; is connected to w;’
by an edge P; which collectively makes the path union of two copies of closed helm. Note that, [V(G)| =4n + 2
and |E(G)|=8n + 1.
We define labelling function f: V(G) - {1,2,3, ...,4n + 2} as follows.
f(w) = 1.
fwv)=2i,1<i<n.
fw)=2i+1,1<i<n.
flug) =2n+ 2.
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fu)=2n+2i+1,1<i<n
fw)=2n+2i+21<i<n.
In the above labeling pattern, observe that,

Cases of n Edge conditions

= 8n+1 8n+1
n =0,1,2,3(mod 4) ef(0)=[ _ J,ef(l)z[ .

1

Clearly,|ef (0) — e;(1)] < 1.

Hence, the path union of two copies of closed helm CH, is a divided square difference cordial graph.

Example 5. Divided square difference cordial labelling of two copies of CH7 is shown in Figure 5.
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